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The Banzhaf index of a voting game is a measure of a priori power of the voters. The model on 
which the index is based treats the voters symmetrically, i.e. the ideology, outlook, etc., of the 
voters influencing their voting behavior is ignored. Here we present a nonsymmetric generaliza- 

tion of the Banzhaf index in which the ideology of the voters affecting their voting behavior is 

taken into account. A model of ideologies and issues is presented. The conditions under which 
our model gives the Shapley-Shubik index (another index of a priori power of the voters) are 
given. Finally several examples are presented and some qualitative re subs are given for straight 
majority and pure bargaining games. 
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1. Introduction. The potential for applications 

This paper is concerned with measuring quantitatively the power of each indivi- 
dual in political voting systems as a function of the voting rule and the individual’s 
ideology. 

A voting system (including the voting rules) can be represented in the abstract by a 
‘simple game’, invented by John von Neumann and Oskar Morgenstern in their 
1944 classic, Theory of Games and Economic Behavior (1944). Speaking intuitively, 
a simple game is cooperative/competitive enterprise in which the only goal is to win 
and the only rule is a specification of which coalitions are empowered to do so. Most 
of the familiar examples of constitutional political machinery such as direct 
majority rule, weighted voting, bicameral legislatures, committees, etc., can be 
represented in the abstract by means of a simple game. Apart from the formal, 
constitutional rules that determine the outcome when the votes are counted, a 
simple game otherwise treats the players symmetrically, i.e., the ideology of the 
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players that affect their behavior in the voting system is not included in the defini- 
tion of a simple game. 

How much power does a participant have in a political voting system is an impor- 
tant question in political science. A precise definition and measurement of power 
will ,enable one to better understand the political processes. In general it is difficult 
tcs define the concept of power precisely.’ In a simple game, if one defines the power 
as the ability to affect a change in the decision of the voting body, several mathema- 
tical power indices have been widely used in recent years. Of these, the two most 
widely accepted and used are the Shapley-Shubik power index (Shapley and Shubik, 
1954) and the Banzhaf power index (Banzhaf, 1965, 1966, 1968a, 1968b). Both of 
these power indices are based on normative models which assume that the partici- 
pants behave symmetrfcaliy, i.e., the ideoiogy, habits, outlook, preference, etc., of 
the participants are disregarded. Such symmetry is desirable if the power index is to 
be used to design votiag rules in a decision making body or to answer questions like: 
‘“1~ this given decision rule fair - does it distribute power equitably?” However, as 
a descriptive tool to describe how members will act in a voting system, the assump- 
tion of symmetry is very often an invalid one. 

Recently, Owen (1971) and Shapley (1977) have described a nonsymmetric 
generalization of the Shapley-Shubik power index for political games. Political 
game are simple games together with an ideolo;gical description of the players. In 
this paper we shall present a nonsymmetric generalization of the Banzhaf power 
index for political games. 

Section 2 contains a brief introduction to simple games. The (symmetric) Banzhaf 
power Index is described in Section 3. In Section 4 we present a mode1 of ideologies 
and issues. The nonsymmetric Banzhaf power index is then defined; in Section 5 in 
terms of this model. The conditions under which the Shapley-Shubik power index 
is obtained in our model are described in Section 6 along with a brief definition of 
the Shapley-Shubik power index. In Section 7 we illustrate our ideologically 
oriented power measure with some examples. We obtain the Banzhaf indices for 
threeqerson voting systems; for one- and two-dimensional ideological space 
modefs; for straight majority, unanimity, and veto player voting rules; and for 
various possible constellations of voter profiles. We also state some qualitative 
results for straight majority and pure bargaining games. In Appendix A we indicate 
a method to construct the constellation of voter profiles given the voting records of 
pl%ey~~s on identifiable issues for a two-dimensional ideological space model. 

2. Simple games 

Simple games form a certain class of n-person cooperative games in which each 

4 Nagel(W,$l) Gx a discussion of this problem. 
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coalition is either all powerful or completely ineffectual. Let N= ( 1,2, . . . , n) denote 

the set of all players indexed by the first n natural numbers. Subsets of N are called 
coalitions. Let 2”; denote the set of all possible coalitions. A simple game can be 
represented by a pair (N, W), where W is the set of all winning coalitions such that: 

0$ w, (1) 

NE W, (2) 

and for each R E 2N and for each TE 2iy, 

(RITand TE W) =$ RE W. (3) 

A simple game is said to be proper iff the complement of every winning coalition 
is losing; i.e., in any partition of the players into coalitions, at most one coalition is 
winning. A winning coalition R is called minimal winning iff every proper subset of 
R is losing. (Note that all coalitions that are not winning are losing coalitions.) A 
simple game can also be represented by the pair (Iv, Wm) where Wm is the set of all 
minimal winning coalitions. Note that W is the set of all supersets of the elements in 
Wm. 

If ke U Wm, then player k is said to be a dummy. If Wm = ({i}), then player i is 
called a dictator and all other players are of course dummies. If je n Wm #0, then 
player j is said to be a veto player. 

A weighted majority game is a simple game that can be represented by the symbol 

where q 20 is called the quota, ai ~0 is the weight associated with the ith player and 
R E W iff z iE RaiZq. Note that the weighted majority game represented by (4) is 
proper if q>(a, + l +a,)/2. 

Example 2.1. The most common of all simple games is the straight majority game 
M,, n odd, in which 

Wrn={R~2~: (R 1 =(n+1)/2} 

where ) R 1 denotes the cardinality of coalition R. A weighted voting representation 
of the game M, is 

[(n + 1)/2; 1,1, . . . . 11. 

Example 2.2. The pure bargaining game (or unanimity game) B,, is given by 
FP = {N}. A weighted majority representation of this game is 

[n; 1, 1, . . . . 11. 

Example 2.3. A three-person vetoplayergame V3( 1) is given by Wn’ = ( ( 1,2), ( 1,3)). 
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In other words, the voting rule is straight majority with player 1 having veto power. 
A weighted majority representation of this game is 

See Shapley (1962) for a detailed description of simple games. Also Lucas (1976) 
pments several real life examples of organizations, committees, and legislatures 
modelled as simple games along with their Shapley-Shubik and Banzhaf power 

One way of looking at how a voting system distributes power among its members 
uppose that each biil will induce a probability pi with which member i will vote 

‘aye’ for the bill (and vote ‘nay’ with probability 1 -pi). If member i is strongly for 
the bill, then pi will be close to 1, if he is strongly against it, pi will be close to 0, and 
if he is indifferent to it, pi will be close to +. 

For 0 masure of a priori power - by which we mean abstract power within the 
@en voting system, not power with respect to any particular issue or goal that the 
system faces - we may well assume that each pi= +, i.e. each voter i regards the 
others as random decision makers voting ‘aye’ or ‘nay’ (independently) at the toss 

coin. A player, s;ly i, tlhen asks: “ What chance do I have of being able to tip the 
and decide the ourcome?” Let UF call a pair of coalitions of the form 

(S - (i), SW { i)) a swing/m i iff the former is losing and the latter is winning and let 
US denote by Yi the subset of N- (i) that votes ‘aye’. Then i’s chance of being 
deci.Gve is just the probability that (Vi, YilJ {i}) is a swing for player i. This provides 
an index of the a priori power inherent in the given voting rule and is called the 
Banzhaf index and will be denoted here by pi, i E N. 

m@e 3.1. Consider the straight majority game described in Example 2.1. 
( Y,, YiU (i}) is a swing for player i iff 1 Yi 1 = (n + 1)/2 - 1 = (n - 1)/2. Hence 

B c n-l 
,Z J 

> 

/2”- J 
,(n-1)/2 l 

By symmetry all players have the same power. Hence if n = 3, then each pi = +; if 
n = I, then each fli = +. Thus we seir:: that although the relative power is the same in all 
such games, each player has less absolute power in a larger member votin.p body. 

M 3.2* Consider the pure bargaining game B,, described in Example 2.2. 
(Y>% Y,Ufi)J is a swing for player iiff Yi=N- (i}. Hence pi= l/2”-‘. By symmetry 
all the players have the same power. If n = 3, then each pi = $; if n = 4, then each 
fi, = i; if M = 5, then each fli= A, and so on. In a same size voting body, a member has 
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more power if the voting rule is straight majority rule than if the voting rule is 
unanimity. 

Example 3.3. Consider the 3-person veto player game V,(l) described in Example 
2.3.(Yi,YiU{l})isaswingforplayer 1 iff YI=(2}or (3)or {2,3}.Hence&=& 
( Yz, Yz U { 2)) is a swing for player 2 iff Y2 = { 1). Hence pZ = $. By symmetry & = $. 
Note that the veto power player has more power than the other players. 

4,< A model of ideologies and issues 

This model is in many respects similar to the model proposed by Owen (1973) and 
Shapley (1977) though there are many differences. 

We shall represent the voters by points in the finite-dimensional Euclidean sp~e 
II;‘? We shall refer to this space as the ideologicalspace. The linear structure of FR”’ 
will help us capture intuitive ideas like ‘moderation’ and ‘extremism’, e.g., by 
sletting m = 1, we can think of iRi as a left to right spectrum of political ideology. 
Each dimension in this space represents political or ideological parameters, e.g., 
left/right (economic), left/right (international), urban/rural, free trade/protectio- 
nism, isolation/internationalism, economic growth/environment, big/small 
(government), big/small (business), etc. For reasons that will be obvious later, we 
shall restrict the ideological space to be the half-ball BE2 where 

BE2 = (XER”:(~~+~+~~~+XZ,)“*~~}. (5) 

Each member i will be represented by a point xi in the half-ball Br2. The political/ 
ideological parameters of the members will determine his position. .Y’ will be called 
the political profile of voter i and the collection of voter profiles will be called a 
constellation and denoted by C(!V), i.e., 

C(N)= {x%BI”/z: NV}. (61 

If each member’s position on each ideological parameter is known, the constel- 
lation of voter profiles can be determined as follows. For each parameter j, player i 
is placed in the interval [ - 1, 11. Let Zj represent voter i’s position on parameter j. 
Then - 1 &zj, 1, z;= - 1 representing the left extreme, Z”= 1 the right extreme, 
and Z”=O a moderate position. A voter can thus be represented by a point in 
[ - 1, llm. This space is then transformed to the half-ball B;“? by a continuous 
mapping f given by 
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d(Z)=d(Z,, l e.9 Z,)=sup(y: max yZi/(Z~+~~~+Z~)*‘2~1) 
j= I,...,m 

if Z#(O, . . ..O). 

Then C(N) is given by 

C(N)=(xkB$z:$=f(Zi), Zi~(-Ji.I~m}. (8) 

intuitively speakcing, the m-cube [ - 1,1 Jm is radially compressed to the half-ball BrJ2 
Isee Fig* t for the case m = 2). 

-_[-1. l? 

Fig. 1. The mappingf: [ - 1,1]2-----’ B2 112. 

The assembly of voters will be prssented with a series of bills or issues that arise 
out of some random process. Each bill or issue will consist of semi combination of 
the paramgters of the ideoLgica1 space and will generate for each voter the probabi- 
lity with which he will vote ‘aye’ for the bill. We shall represent issues in our model 
as linear functions on lRm; they will be used to generate the probability with which a 
voter is likely to vote ‘aye’ for the bill as follows: 

4=&x1’+&+-+ ;&&+ l/2 (9) 

where c = (< 4, . . . . &,,) represents an issue vector of length one, i.e. (ti + - + &)lj2 = 1, 
and Ir’ E #“f+ Intuitively speaking, voter i’s enthusiasm for a bill represented by < is 
g&en by pi which is proportional to the distance of his position xi from the issue 
d&ction C. Thus issues in our model can be represented by points on the unit sphere 
S;‘pwhere 

(10) 
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Although the political profiles xi and political issues r are both m-dimensional, they 
should be regarded as belonging to different, dual spaces, not to the same space. 
Note that p[: satisfies 0 zsp{ s 1 for each x’ E Bm I/2 and each < E S;” and hence is a well- 
defined probability. Fig. 2 illustrates this graphically from m =2; the picture in 
higher dimensions would be entirely analogous. The long arroivs indicate the direc- 
tions associated with two typical issues r and r’. The corresponding probabilities are 
found by dropping perpendiculars to the shafts of the arrows. The probability varies 
uniforjxly from zero to one over the intersection of the shaft of the arrow with BFz 
in the direction of the arrow. As the arrow turns, different probabilities are 
obtained; thus for ‘1 180” turn, i.e., LJ”= -& we have& = 1 --pi. 

Fig. 2. Issues, voter profiles and the corresponding probabilities for each voter on each issue. 

5. The Banzhaf index for political games 

In order to define the Banzhaf index associated with a given voting rule and a 
given constellation C(N) of voter profiles, we assume that all issue directions are 
equally likely, i.e., { is selected according to the uniform probability distribution on 
the unit sphere SF. This amounts to saying that the ‘political winds’ blow across the 
ideological space in a perfectly random way, or in other words, all types of bills arc 
equally likely to be introduced to an assembly of voters? 

2 If in some particular context, this assumption is not satisfied, then we can 

bility distribution on Sy by an appropriate probability distribution function, 

replace the uniform proba- 
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We now consider the M&.~wing question (see Straffin (1977)). 

Question ofefjGec,t on outcome: What is the probability that player 
r’s vote will make a difference in the outcome? That is, what is the 
probability that a bill which player i supports passes but would 
fail if player i changed his vote, or that a bill which player i 
opposes fails but would pass if player i changed his vote? 

For some issue C (drawn at random from Sr according to the uniform distribu- 
tion’), the answer to this question of effect on outcome in our model is then defined 
10 be player Ps Banzhaf index and denoted by pi. 

Note that if all the players are located at the center of the half-ball BE*, the 
metrical Banzhaf index will coincide with the symmetrical Banzhaf index 
ed in Section 3. This result is true even if the assumption of equally likely issue 

directions is replaced by another arbitrary probability distribution on Sr. We can 
k the question: Under what assumptions wilt we get the Shapley-Shubik index in 

our model? This is examined in the next section. 

6, The Sbapky-Sbubik power index 

The Shapley-Shubik power index is another index of a priori power of players in 
a simple game. They assume that each bill or issue will rank the members in order to 
degree of their support - the most dedicated advocates first, the less dedicated 
supporters next, and so on, down to the most stubborn opponent at the end of the 
list. In any such ordering, one member will always play the role of the pivot: he in 
company with his more enthusiastic forerunners can just barely pass the bill. 
Assuming that all orderings of members will occur equally often (since we are 
measuring a priori power, not power with respect to a particular issue), we can then 
take tb probabilitv of being pivotal as a power index for each individual. This is 
known as the Shapley-Shubik index and we denote it here by Gi, in N. 

In StraZfin (1977), Straffin provides a characterization of the Shapley-Shubik 
index in terms of a probabilistic model that is similar in spirit to the one described in 
Secticn 3. Suppose each individual i votes ‘aye’ for a bill with probability p @ is ihe 
same for all individuals). If p is selected from [0, I] by a uniform distribution, i.e., 
p- iJ[O, I], the answer to the question of effect on outcome is given by the 
Shapley-Shubik index. Hence, or.c difference between the Shapley-Shubik and the 
Banzhaf index is that (in terms oi the probability model) while the former assumes 
homogeneity among the members (same p for all members, p - U[O, l]), the latter 

umes independence betwsgu each members (each pi- U[O, 11). 
The question we address is: Under what conditions do we get the Shapley-Shubik 

i&&x in our model? For m = 2, the answer to this question is given by the following 
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Theorem 6.1. Form = 2, ifall theplayers are located at thepoint (r, 0) = (+, y) E B;‘Iz 
(in polar coordinates) and the probability distribution of issues 5 = ( 1.9) E S f is given 
by the density function 

j#?)= Isin(& V0,Or0l2n, 

the answer to player i’s question of effect on outcome in our mode/ is given by the 
Shapley-Shubik index @i for all i E N. 

Proof. Without loss of generality, let y = 0. For any issue direction r = (1, @) E $ (in 
polar coordinates), the probability that player i (and all the rest of the players) will 
vote ‘aye’ is given by (see Fig. 3) 

p;=ps= +cos(e)+ +. 

Fig. 3. The probability p,& and the distribution f$O). 

The induced cumulative probability distribution of pe is given by: 

FP&z) = Problpe s z] = Prob[ +cos(B) + j s z] = Prob[cos(B) 5 2z - l] 

=Prob[cos-‘(2z-- 1)=(0~2n-c0s-‘(2~- l)] 

Zn-cos-t(2z- I) 
= s cos-‘(2=-I) 

+lsin(@l&I= 1 Ssin(8)de-~~-~~‘j”~-“fsin(t))d8 
COS -'(2z-l, 7 

= +r+ _rz=z. 

Hence, pe - U[O, 1] and from our remarks earlier it follows that the answer to player 
i’s question of effect on outcome is given by the Shapley-Shubik index Q,. 

For higher dimensions, analogues of this result are possible. We will sketch the 
outline and skip the details. The players will have to be located together at any point 
on the boundary of B Et. The probability distribution of issue directions < should be 
such that the induced probability distribution of pC is U[O, 11. Then using the result 
due to Straffin (1977), the answer to player i’s question of effect on outcome will be 
given by the Shapley-Shubik index. 
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7. Smne crramples and qurlita8ive results 

We shall now illustrate our ideologically oriented power measure with solrie 
CJUUJIpleS. 

Firstletm=l.ThenB ;,z = [ - +, f-1 and S,’ = { - I,1 }, i.e., the ideology space is an 
interval from - # to _t and there are only two issue directions 6 = - 1 (left) and [ = 1 
(rigI@. Consider the case of three voters labelled A, B and C located at xA, xB and 
xc’ respectively in [ - j, +]. To compute the Banzhaf index of the players, let ~‘(5) in 
the probability that player i’s vote will make a difference on issue {. Then 

Pi = j W’CWF~ WI 
c 

where Ft is the uniform cumulative probability distribution function on SF. 
Under straight majority voting rule, 

w’(t) =&Cl -pck)+u -&P; for i,j,k=A,B,C, i#j, j$k, k#i; 

and&=d{+~ forj=A,B,C. Hence 

/?=(/$&&+(+-~ BxC, j -2x4x=, j - 2xAXB). 

See Table 1 for a list of the Banzhaf indices for various possible constellations of 
voter profks. In that table, we also list the relitive Banzhaf power index (also called 
the normalized Banzhaf index) for each player denoted by pi, i.e., 

&=bi/C/i if Cfli#O. (12) rrN ie W 

Tabk I 
The Banzhaf indices of 3-person straight majority games M, for various possible constellations of voter 
pmfiks,m=1 

I Constellation B a CieNfli 

I I- ABC 
2 IA 

-I (I/2, l/2, I/2) (I/3, l/J, l/3) 1.5 
-BC -1 (l/2, l/2, l/2) (l/3, l/3, l/3) 1.5 

3 I j- A - BC\ (0, I/2, l/2) (0, I/2, I/2) 1 
4 (A - B -Cl (I/2, I, l/2) (l/4, l/2, l/4) 2 
s 1A BCI (0, 1, 1) (0, li2, l/2) 2 
6 6 

E ABC1 (0, 0.0) CO, 0, 0) 0 

Also the total absolute power C i,._Npi is listed in the last column. 
For the unanimity voting rule, 

#(<)=dpf fori,j,k=A,B,C, i+j, j$k, k+i. 

Bz(fl~,fiB,&)=($ +XBXc, $ +XAXCg $ +XAXB)- 
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See Table 2 for a list of the Banzhaf indices (both absolute and relative) for the 
various possible constel’iations of voter profiles. 

Table 2 
The Banzhaf indices of 3-person bargaining games B, for various possible constellations of voter 
profiles, m = 1. 

# Constellation P a C ic4VA 

1 I- ABC ------I (l/4, l/4, l/4) (l/3, l/3, l/3) 0.75 
2 IA -------BBC-{ (l/4, l/4, l/4) (l/3, l/3, l/3) 0.75 
3 I- A - BCI (l/2, l/4, l/4) (l/2, l/4, l/4) 1 
4 IA-B-Cl (l/4, 0, l/4) (I/2, 0, l/2) 0.5 

5 IA BCI (1 a 0, 0) (1. 0, 0) 0.5 
6 I ABC1 (l/2, l/2, l/2) (l/3, l/3, 113) 1.5 

For the veto power player game &(A) (player A has the veto power), 

Hence, 

See Table 3 for a list of the Banzhaf inclices (both absolute and relative) for the 
various possible constellations of voter profiles. 

Table 3 
The Banzhaf indices of 3-person veto player game V3(A) for various possible constellations of voter 
profiles, m = 1 

# Constellation 

1 I- ABC -I (314, l/4, l/4) (315, l/5, l/S) 1.25 
2 IA-BC- I (314, l/4, l/4) (3/5, l/5, l/S) 1.25 

3 I- A - BCI (l/2, l/4, l/4), (l/2, l/4, l/4) 1 

4 IA-B-CC( (314, l/2, l/4) (l/Z, 113, l/6) 1.5 
5 IA BCI (l/2, l/2, l/2) (l/3, l/3, l/3) 1.5 
6 I ABC1 . (l/2, 0, 0) (1, 0, 0) 0.5 

By studying the Banzhaf indices for the straight majority game MJ and the pure 
bargaining game B3 in Tables 1 and 2, we can derive some qualitative results. For 
m=l we defined $=-+ as an (absolute) left extreme position, $=O as an 
(absolute) moderate position, and xj = + as an (absolute) right extreme position on 
parameter j. We will define relative left and right extreme position and relative 
moderation as follows. We say player i occupies a relative refr extreme position on 
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mrameter j iff xi’ < xi” for each k E NT {i } . Similarly, we say player i occupies a 
&&ve ri#t extreme position on parameter j iff xi > xi” for each k E N- (i). Also 
WC player i occupies a relative moderate position on parameter j iff he occupies 
neither a relative left extreme position nor a relative right extreme position (on para- 
meter& Thus (referring to Tables l-3), player A occupies the relative moderate 

ion in constellations 1 and 6, and the relative left extreme position in constella- 
2-S; player B occupies the relative moderate position in constellations l-6; 

playa C occupies the relative moderate positis.;ls in constellations l-3 and 5-6, 
and the relative right extreme position in constelkion 4. 

ing the Banzhaf indices of the players in T&le 1 for the straight majority 
rule, note that in every constellation player B has the highest Banzhaf index 
red to the other two players. Thus we can conclude that relative moderate 

is asivantageous in straight majority games. 
ving th,e Banzhaf indices of the players in Table 2 for the unanimity voting 

rule, note that a relative extremist never has less power than a relative moderate 
yer. Thug we can conclude that relative extremism is beneficial in pure bargaining 

ict m = 2 and ccpnsider again the case of three players labelled A, B and C 
with profiles x4, xB and xc respectively. Using (11) it can be easily shown that for 
the straight majority game MJ, 

/3=: (j!!,*, &fi &) 

=:(j-(xfxf-+x~x~),j-(xfx~+$x~),j-(xfxf+xfx~)). 

For the unanimity voting rule Bj, it can be easily shown that 

b= (PAI 8~9 PC) 
=()+ j(xfxF+$x;),++ j(x;4xf+.$Y;),++ j(xfxf+x;‘xf)). 

For the veto player game vj(A), it can be easily shown that 

=($- j(xfx~+xfxf),)- jcxl’xf-f-x;4xtc),+- j(xfx;B+$xf)). 

See Tables 4, 5 and 6 for a list of the Banzhaf indices for the games MJ, BJ and 
V3(A) respectively, for some possible constellations of voter profiles. 

Since we have two parameters, we shall define extremism and relative moderation 
a% follows. We say player i is a rediative reft extremist if xi dxt for each k E Iv- {i } , 
4 54 for each k N- (i}, and at least one of the above two inequalities is a strict 
inequality. Relative right extremism is defined similarly as follows. We say player d 

isa~e~tiveright~t~em~~ifx~gx~foreachkEN-{i},x~~$foreachkeN-{i), 
ati at kast one of the above two inequalities is a strict inequality. Also, we say 
pkyer i b tar reMbe moderate if he is neither a relative left extremist nor a relative 

t extremist. Thus referring to Tables 4,s and 6, we see that player A is a relative 
rndwate in constellations 1, 3, 5 and 9, and is a relative left extremist in constella- 
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tions 2, 4, 6-8; player B is a relative moderate in all constellations; player C is a 
relative moderate in constellations l-3, 6-9, and is a relative right extremist in 

constellations 4 and 5. 
Observing the Banzhaf indices of the players in Table 4, we observe that in every 

constellation, player B (who is a relative moderate in all the constellations) has the 
highest Banzhaf index compared to the relative extremists in the constellation. 
Thus, we reinforce our earlier conclusion that relative moderation is advantageous 
in straight majority games. 

Observing the Banzhaf indices of the players in Table 5, we observe that the 
Banzhaf indices for player A in constellations 2,4,6-8 (in which he is a relative left 
extremist) and the Banzhaf indices of player C in constellations 4 and 5 (in which he 

Table 4 
The Banzhaf indices of 3-person straight majority games A$ for various constellations of 

voter profiles, m = 2 

iI Constellation a if iEN Ei 

0 ABC 

A BC 

3 

C ABC 

(l/2, l/2, l/2) 

(l/2, l/2, 112) 

(l/2, l/2, l/2) 

(112, 3/4, l/2) 

(l/2, l/2, l/4) 

(l/2, 3/4, l/2) 

(l/3, I/3, l/3) 

(l/3, P/3, l/3) 

(l/3, l/3, 113) 

(2/7, 3/'7, 2/7) 

(2/S, 2/5, l/5) 

(2/7, 3/7, 2/7) 

(l/S, 2/5, Z/5) 

(l/7, 3/7, 317) 

(l/3, l/3, l/3) 

1.5 

1.5 

1.5 

1.75 

1.25 

1.75 

1.25 

1.75 

0.75 
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is a relative right extremist) are greater than the Banzhaf indices of the relative 
ee players in those constellations, Thus again our earlier conclusion that 
r&ttive extremism is beneficial in pure bargaining games is reinforced. 

The two conclusions we have stated are certainly no revelations to those playing 
these games in real-life political institutions. The validity of these results under- 
IC(~CJC the Wdity of our model and also illustrates some of the usefulness of our 
madeI in deriving results of this type. A real test of our model will be in using it in a 
seal-life institutional setting and verifying that the power indices which our model 
indicates are empirically valid. In a step towards that goal, we indicate a method of 
consrructing the constAlation of voter profiles if empirical voting data on identi- 
fiible issuck are available. This is discussed in Appendix A. 

The lhzhaf indkes of 3-person pure bargaining games B, for various possible con- 
WW~f of vofer profiles, m = 2 
n-m 

1 

2 

3 

4 

5 

6 

0 ABC 

AB C 3 f\ 

(l/4, l/4, 114) 

. 

(l/3, l/3, l/3) 0.75 

(l/4, I/4, 114) (l/3, l/3, l/3) 0.75 

(l/4, l/4, l/4) (l/3, z/3, l/3) 0.75 

(l/4, l/8, l/4) (Z/S, l/5, 2/5) 0.625 

(L/4, l/4, 318) (21'7, 217, 3/7) 0.875 

(l/4, l/8, lJ4) (215, l/5, 2/5) 0.625 

(3/8, l/4, 114) (31'7, 217, 217) 0.875 

(318, l/8, 118) 0.625 

(3/8, 318, 318) 

(3/5, l/5, l/5) 

(l/3, l/3, l/3) 1.125 
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The Banzhaf indices of Sperson veto player games V,(A) for various possibPe constel- 

lations of voter profiles, m = 2 

313 

t Constellation 8 s i&l $i 
- 

1 

2 

3 

4 

5 

6 

7 

8 

9 

0 ABC 

A BC 3 

AB C 

3 

C ABC 

(3/4, l/4, l/4) (3/S, l/5, l/5) 

(3/4, l/4, l/4) (3/5, l/5, l/5) 

(3/4, l/4, 114) (3/5, 1./5, l/5) 

(3/4, 3/8, 114) (6/11,3/11,2/11) 

(3/4, l/4, 118) (213, 219, l/9> 

(3/4, 3/8, 114) (6/11,3/11,2/U) 

(5/8, l/4, 114) 

(5/8, 3/8, 3181 

(5/8, lb, 118) 

(5/9, z/9, 2/9) 

(5/11,3/11,3/11) 

(5/7, l/7, l/7) 

1.25 

1.25 

1.25 

1.375 

1.125 

1.375 

i.125 

1.375 

0.875 
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Appendix A. Construction of the constellation of voter profiles given the voting 
lwpotdl of tk players on identifiable issues, for m =2 

The pmbkm we consider here is the question of constructing the constellation of 
voter profiles given the players’ voting record on issues whose directions are known. 
We shall assume that we have information regarding the dimensions of the ideologi- 
cal space and each issue can thus be represented by a point in the dual space. 

Suppos player i’s true position is at (fir 0,) in B:/2 (in polar coordinates). Consider 
an arbitrary issue direction (I, e). The probability that player i will vote ‘aye’ on this 
issue will be given by J$= ricos(O&cos(8) + risin(tii)sin(8) + +. If sufficient data are 
@vail&& (in the form of voting patterns) for this issue direction, this probability can 
be estimated and represented by the point 

(pi- I /2, e) = (fiCOS(8i)Cos(O) -5 fisin(&)sin(8), e) 

(in polar coordinates, in B:/2). 
if all1 the issue directions are equally likely and we take the average of all the 

x&artesian) coordinates and the x2-(Cartesian) coordinates of the points represen- 
ting G z probabilities pk, we get 

(I 12 $/(ricos(@)cos(O) + risin( &)sin(@))c )s( 8)d 8 = j ricos( 8J, 
0 

(I /t$f(ficos(l3&os(t?) + risin(Oi)sin( O))sin(@)d 8 = +fisin( Oi), 
0 

-(l,e) 

Fig. 4. Locating the political profile of player i from his voting record. 
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Hence, multiplying the average of all the points representing the probabilities pl, by 
2, we can locate the true position of player i in the ideological space I?:!, (see Fig. 

A. 1). , 
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