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The Banzhaf index of a voting game is a measure of a priori power of the voters. The model on
which the index is based treats the voters symmetrically, i.e. the ideology, outlook, etc., of the
voters influencing their voting behavior is ignored. Here we present a nonsymmetric generaliza-
tion of the Banzhaf index in which the ideology of the voters affecting their voting behavior is
taken into account. A model of ideologies and issues is presented. The conditions under which
our model gives the Shapley—Shubik index (another index of a priori power of the voters) are
given. Finally several examples are presented and some qua'itative results are given for straight
majority and pure bargaining games.

Key words: Banzhaf power index; Shapley—Shubik index; simple game.

1. Introduction. The potential for applications

This paper is concerned with measuring quantitatively the power of each indivi-
dual in political voting systems as a function of the voting rule and the individual’s
ideology.

A voting system (including the voting rules) can be represented in the abstract by a
‘simple game’, invented by John von Neumann and Oskar Morgenstern in their
1944 classic, Theory of Games and Economic Behavior (1944). Speaking intuitively,
a simple game is cooperative/competitive enterprise in which the only goal is to win
and the only rule is a specification of which coalitions are empowered to do so. Most
of the familiar examples of constitutional political machinery such as direct
majority rule, weighted voting, bicameral legislatures, committees, etc., can be
represented in the abstract by means of a siraple game. Apart from the formal,
constitutional rules that determine the outcome when the votes are counted, a
simple game otherwise treats the players symmetrically, i.e., the ideology of the
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players that affect their behavior in the voting system is not included in the defini-
tion of a simple game.

How much power does a participant have in a political voting system is an impor-
tant question in political science. A precise definition and measurement of power
will enable one 10 better understand the political processes. In general it is difficult
tc define the concept of power precisely.! In a simple game, if one defines the power
as the ability tc affect a change in the decision of the voting body, several mathema-
tical power indices have been widely used in recent years. Of these, the two most
widely accepted and used are the Shapley-Shubik power index (Shapley and Shubik,
1954) and the Banzhaf power index (Banzhaf, 1965, 1966, 1968a, 1968b). Both of
these power indices are based on normative models which assume that the partici-
pants behave symmetrically, i.e., the ideoiogy, habits, outlook, preference, etc., of
the participants are disregarded. Such symmetry is desirable if the power index is to
be used to design voting rules in a decision making body or to answer questions like:
*“Is this given decision rule fair — does it distribute power equitably?’’ However, as
a descriptive tool to describe how members will act in a voting system, the assump-
tion of symmetry is very often an invalid one.

Recently, Owen {1971) and Shapley (1977) have described a nonsymmetric
generalization of the Shapley—Shubik power index for political games. Political
game: are simple games together with an ideological description of the players. In
this paper we shall present a nonsymmetric generalization of the Banzhaf power
index for political games.

Section 2 contains a brief introduction to simple games. The (symmetric) Banzhaf
power mndex is described in Section 3. In Section 4 we present a model of ideologies
and issues. The nonsymmetric Banzhaf power index is then defined in Section § in
terms of this model. The conditions under which the Shapley—Shubik power index
is obtained in our model are described in Section 6 along with a brief definition of
the Shapley—-Shubik power index. In Section 7 we illustrate our ideologically
oriented power measure with some examples. We obtain the Banzhaf indices for
three-person voting systems; for one- and two-dimensional ideological space
models; for straight majority, unanimity, and veto player voting rules; and for
various possible constellations of voter profiles. We also state some qualitative
results for straight majority and pure bargaining games. In Appendix A we indicate
a method to coustruct the constellation of voter profiles given the voting records of
playzrs on identifiable issues for a two-dimensional ideological space model.

2. Simple games

Simple games form a certain class of n-person cooperative games in which each

* See Nagel (1975} for a discussion of this problem.
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coalition is either all powerful or completely ineffectual. Let N={1,2,...,n} denote
the set of all players indexed by the first » natural numbers. Subsets of N are called
coalitions. Let 2V denote the set of all possible coalitions. A simple game can be
represented by a pair (N, W), where W is the set of all winning coalitions such that:

O¢ W, 9}

NeW, )
and for each R €2 and for each Te?2",

(RODTand Te W)= ReW. 3)

A simple game is said to be proper iff the complement of every winning coalition
is losing; i.e., in any partition of the players into coalitions, at most one ccalition is
winning. A winning coalition R is called minimal winning iff every proper subset of
R is losing. (Note that all coalitions that are not winning are /osing coalitions.) A
simple game can also be represented by the pair (N, W™) where W™ is the set of all
minimal winning coalitions. Note that W is the set of all supersets of the elements in
wm,

If k¢ |JW™, then player & is said to be a dummy. If W™= {{i}}, then player i is
called a dictator and all other players are of course dummies. If je ﬂ Wm0, then
player j is said to be a veto player.

A weighted majority game is a simple game that can be represented by the symbol

[q; al’a?.,'-'!an] (4)

where g =0 is called the guota, a;=0 is the weight associated with the ith player and
Re W iff ¥, ga;=q. Note that the weighted majority game represented by (4) is
proper if g>(a, +--- +a,)/2.

Example 2.1. The most common of all simple games is the straight majority game
M,, n odd, in which

Wm={Re2VN:|R|=(n+1)/2}

where | R | denotes the cardinality of coalition R. A weighted voting representation
of the game M,, is

((n+1/2; 1L,1,...,1].

Example 2.2. The pure bargaining game (or unanimity game) B, is given by
W™= {N}. A weighted majority representation of this game is

[n; 1,1,...,1].

Example 2.3. A three-person veto player game V(1) is given by W™ = {{1,2},{1,3}}.
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In other words, the voting rule is straight majority with player 1 having veto power.
A weighted majority representation of this game is

(3; 2,511

See Shapley (1962) for a detailed description of simple games. Also Lucas (1976)
presents several real life examples of organizations, committees, and legislatures
modelled as simple games along with their Shapley—Shubik and Banzhaf power
indices.

3. The Bonzhaf power index

One way of looking at how a voting system distributes power among its members
is to suppose that each biil will induce a probability p* with which member i will vote
‘aye’ for the bill (and vote ‘nay’ with probability 1 — p’). If member i is strongly for
the bill, then p’ will be close to 1, if he is strongly against it, p’ will be close to 0, and
if he is indifferent to it, p’ will be close to 4.

For + measure of a priori power — by which we mean abstract power within the
given voting system, not power with respect to any particular issue or goal that the
system faces — we may well assume that each p’= 14, i.e. each voter i regards the
others as random decision makers voting ‘aye’ or ‘nay’ (independently) at the toss
of a coin. A player, say i, then asks: ‘“What chance do I have of being able to tip the
scales and decide the ouicome?”’ Let us call a pair of coslitions of the form
(S-{i}, SU{i}) a swing for i iff the former is losing and the latter is winning and let
us denote by Y, the subset of N—{i} that votes ‘aye’. Then i’s chance of being
decisive is just the probability that (Y;, Y;U {i}) is a swing for player i. This provides
an index of the a priori power inherent in the given voting rule and is called the
Banzhaf index and will be denoted here by 8, ie N.

Example 3.1. Consider the straight majority game described in Example 2.1.
(Y, Y;U{i}) is a swing for player i iff | Y;| =(n+1)/2—1=(n—-1)/2. Hence

n-1 n-
b= ((n—l)/Z)/z -

By symmetry all players have the same power. Hence if n=3, then each g8;= }; if
n=35, then each §;= 1. Thus we se: that although the relative power is the same in all
such games, each player has less absolute power in a larger member votins body.

Example 3.2. Consider the pure bargaining game B, described in Example 2.2.
(Y, Y;U{i})is a swing for player i iff Y;=N - {i}. Hence 8;=1/2"-!. By symmetry
all the players have the same power. If n=3, then each §;=4; if n=4, then each
B,=4iif n=S5, then each §;= L, and so on. In a same size voting body, a member has
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more power if the voting rule is straight majority rule than if the voting ruie is
unanimity.

Exampie 3.3. Consider the 3-person veio player game ¥3(1) described in Exampie
2.3.(Y;, Y;U{1}) is a swing for player 1 iff Y; ={2} or {3} cr {2,3}. Hence B8, =}
(Y5, Y,U{2}) is a swing for player 2 iff Y,={1}. Hence 8,= }. By symmetry 8, = 4.
Note that the veto power playe has more power than the other players.

4. A modei of ideoiogies and issues
This model is in many respects similar to the model proposed by Owen (1971) and

Shapley (1977) though there are many differences.
We shall represent the voters by points in the finite-dimensional Euclidean space

k™. We shall refer to this space as the ideological space. The linear structure of R"
will help us capture intuitive ideas like ‘moderation’ and ‘extremism’, e.g., by
setting m=1. we can think of I ac a laft ta rioht snectrum of political ideology
setting m=1, we can think of R' as a left to right spectrum of political ideology.
Each dimension in this space represents political or ideological parameters, e.g.,

left/right (economic), left/nght (imernatlonal), urban/rural, free trade/protectio-
nism, isolation/internationalism, economic growth/environment, big/small
(government), big/smail (business), etc. For reasons that will be obvious later, we
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V2= {XeR™ (40 +- +20) 7 5 4}, (5)

Each member i will be represented by a point x' in the half-ball B",. The political/
ideological parameters of the members will determine his position. x' will be called
the poiiticai profiie of voter i and the coiiection of voter profiies will be calied a

nnmotalletinm and danatad ey £OIAY 1 a
CUIDICHIULIUIIL Allu uviIVLIVG UV LY Jy Loy
C(N)={x eB,: ie N}. ©6)

If each member’s position on each ideological parameter is known, the constel-
lation of voter profiles can be determmed as follows. For each parameter j, player i
is placed in the interval [ -1, 1]. Let Z; represent voter {’s position on parameter j.

Tl o 1 i '7'= 1 masmsscantine tha lafe averarna 7'_ 1 tha richt avtra
inci —1 ‘=~Lj= I, £;= — 1 ICPIOWIIUIILE HIC ICIL CAUTIIL, £ 1 LIL 1B CAIVING,
and 7’=0 a m.ode.rate_ positio-- A voter can thus be represented by a point in

[-1, 1] This space is then transformed to the half-ball B{"; by a continuous
mapping f given by

{Z/Zd(Z if Z#(0,0....,0), M

NZ) =
(0,0,...,0) if Z=(0,0,...,0)
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where
d(Z)=d(Z,,...,Z,)=suply: max yZ; NZ 4+ ZE) 2 <1)
Jj=1.
if Z#(0,...,0).
Then C(N) is given by
CN)= (¥ € Blly: ¥ =20, Zie[- 1. 11"} ®

Intuitively spca!feins. the m-cube [~ 1,1]™ is radially compressed to the haif-ball B{7,

uw l'l‘. i lol lllc casc m= L}-

e—[-1. 1]

Fig. 1. The mapping f:[- 1,12—— B} ,.

The assembly of voters wil! be pr2sented with a series of bills or issues that arise

——aas - . 2 Py

oui of some random process. Each bill or issue will consist of some combination of
the narametere of the ideo’ Jaical snace and will eenerate for each voter the nrobabi-
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lity with which he will vote ‘aye’ for the bill. We shall represent issues in our model
as linear functions on IR™; they will be used to generate the probability with which a
voter is likely to vote ‘aye’ for the bill as follows:

Pi=b X+ 66X+ 4 Sk 4172 ©)

where E lfh ....E..) renresents an issue vector of lenoth ane i a (21 . {3,.}'/2 =1,

$SiTiy SSp - veveeeS $22 233LS YSLIUL VL NaiphiE Vasvy sV (G T

and x* eB"‘,;. Intuitively speaking, voter i’s enthusiasm for a bill represented by ¢&is
given by p; which is proportional to the distance of his position x’ from the issue
diiection §. Thus issues in our model can be represented by points on the unit sphere
S where

S={EeR™: (G + -+ &) =1}. (10)
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Although the political profiles x' and political issues ¢ are both m-dimensional, they
should be regarded as belongmg to different, dual spaces, not to the same space.
Note that p; satisfies 0 = p; <1 for each x' € B), and each £ € S{" and hence is a well-
defined probability. Fig. 2 illustrates this graphically from m=2; the picture in
higher dimensions would be entirely analogous. The long arrows indicaie the direc-
tions associated with two typical issues £ and &’. The corresponding probabilities are
found by dropping perpendiculars to the shafts of the arrows. The probability varies
uniformly from zero to one over the intersection of the shaft of the arrow with B;",
in the direction of the arrow. As the arrow turns, different probabilities are
obtained; thus for 1 180° turn, i.e., "= — &, we have pé» =1- p..

Fig. 2. Issues, voter profiles and the corresponding probabilities for each voter on each issue.

S. The Banzhaf index for political games

In order to define the Banzhaf index associated with a given voting rule and a
given constellation C(N) of voter profiles, we assume that all issue directions are
equally likely, i.e., & is selected according to the uniform probability distribution on
the unit sphere S;". This amounts to saying that the ‘political winds® blow across the
ideological space in a perfectly random way, or in other words, all types of bills are
equally likely to be introduced to an assembly of voters.?

2 If in some particular context, this assumption is not satisfied, then we can replace the uniform proba-
bility distribution on S;" by an appropriate probability distribution function.
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We now consider the folipwing question (see Straffin (1977)).

Question of effect on outcome: What is the probability that player
i’s vote will make a difference in the outcome? That is, what is the
probability that a bill which player i supports passes but would
fail if player i changed his vote, or that a bill which plaver i
opposes fails but would pass if player i changed his vote?

For some issue ¢ (drawn at random from S}” according to the uniform distribu-
tion), the answer to this question of effect on outcome in our model is then defined
to be player /s Banzhaf index and denoted by ;.

Note that if all the players are located at the center of the half-ball BJ,, the
asymmetrical Banzhaf index will coincide with the symmetrical Banzhaf index
defined in Section 3. This result is true even if the assumption of equally likely issue
directions is replaced by another arbitrary probability distribution on S{". We can
ask the question: Under what assumptions will we get the Shapley-Shubik index in
our model? This is examined in the next section.

6. The Shapley—~Shubik power index

The Shapley-Shubik power index is another index of a priori power of players in
a simple game. They assume that each bill or issue will rank the members in order to
degree of their support — the most dedicated advocates first, the less dedicated
supporters next, and so on, down to the most stubborn opponent at the end of the
list. In any such ordering, one member will always play the role of the pivor: he in
company with his more enthusiastic forerunners can just barely pass the bill.
Assuming that all orderings of members will occur equally often (since we are
measuring a priori power, not power with respect to a particular issue), we can then
take the probabili'v of being pivotal as a power index for each individual. This is
known as the Shapley—Shubik index and we denote it here by @;, ie N.

In Straifin (1977), Straffin provides a characterization of the Shapley—Shubik
index in terms of a probabilistic model that is similar in spirit to the one described in
Secticn 3. Suppose each individual i votes ‘aye’ for a bill with probability p (p is the
same for all individuals). If p is selected from [0, 1] by a uniform distribution, i.e.,
p~1U[0,1], the answer to the question of effect on outcome is given by the
Shapley-Shubik index. Hence, or.¢ difference between the Shapley—Shubik and the
Banzhaf index is that (in terms oi the probability model) while the former assumes
homogeneity among the members (same p for all members, p~ U[0, 1]), the latter
assumes independence betwzcn each members (each p’ ~ U[0, 1]).

The question we address is: Under what conditions do we get the Shapley—Shubik
index in our model? For m =2, the answer to this question is given by the following
theorem.
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Theorem 6.1. For m=2, if all the players are located at the point (r, ) = (4, y) € B{"»
(in polar coordinates) and the probability distribution of issues £ =(1,0) e S,2 is given
by the density function

f:(0)= |sin(6—y)|/4 V6, 0=0<2n,

the answer to player i’s question of effect on outcome in our mode! is given by the
Shapley— Shubik index ®; for all ie N.
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Fig. 3. The probability p, and the distribution S:6).

The induced cumulative probability distribution of p; is given by:

F,(z)=Prob[p, = z] = Prob[cos(0) + } =z] = Prob[cos(0) =2z - 1]

=Probfcos~'(2z-1)=0=2r—cos~'(2z-1)]
277—(-'05»!(22—” T 27 -cos _N2i-1
= | isin(@|dd= | isin@@dd- |  isin(8)de
cos~l(2z-1) cos " laz-1 -
=3z+3z=2.

Hence, py ~ U[0, 1] and from our remarks earlier it follows that the answer to player
i’s question of effect on outcome is given by the Shapley—Shubik index @,.

For higher dimensions, analogues of this result are possible. We will sketc

outline and skip the details. The players will
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due to Straffin (1977), the answer to player i’s questxon of effect on outcome will be
given by the Shapley—Shubik index.



ane D D Shamns / Banshaf nowsar indax l'nr nnhnrnl games
O ' 10 /7 BGRETIay pUWEr silav.n jUT Uil peitiT

7. Some examples and qualitative results

We shall now illustrate our ideologically oriented power measure with somne

examples.
iwcs Las —1 Than nd Cl _f__1 tha idanl 1V on n
rustiCimi=1. 1ncn YU

ogy space is an
ar are only two issue directions £= — 1 (left) and £ =1
(right). Consider the case of three voters labelled A4, B and C located at x4, x? and
x€ respectively in [ - 4, 1}. To compute the Banzhaf index of the players, let y/() in

the probability that player /'s vote will make a difference on issue . Then
= {yi(¢)dF; (1)
$

interval from —fto 4

lb
»

Vi) = pi(1 - pf)+ (1 - ppp§ for ij,k=A,B,C, i#j, j2k, k#i;
and p}=x/£+ 4 for j=A, B,C. Hence
.B = (..3.4,-.55. ﬂC) = (‘!' _szxC, 4’ - zxAxC’ ‘i’ ’zxAxB)-

‘.‘. Tahle 1 far o lict af tha Ranshaf indicac far varione noccihla
» BVIVY . BWE 8 S0V Wi W AFRARIAAIGE BIIVAIVYT EWE VI AV WYD yvﬂalvl‘

voter profiles. In that table, we also list the relative Banzhaf power index (also called
the normalized Banzhaf index) for each player denoted by fF,, i.e.,

B=8/%Y8 ifYB=0. (12)

:eN ien

Table 1

The DBamshal indicac of A macenn ctoniobhe cvnimeits cnmeac Af foc vncioiee maceilala aacceallaelace o0 nea
BI% BBILIIGY INUILES U J-PRIdUN diTdigin inajuiity gaimcs vy 101 various possioie CoOnsicuauions o1 voic
profiles, m=1

» Constellation 8 B LienBi

1 i ABC —| (172, 1/2,1/2) (1/3, 1/3, 1/3) 1.5

2 M BC | (172,172, 1/2) (173, 1/3, 1/3) 1.5

k ! A :7ad! 179 t/% N 119 1IN 1

4 73 v \v 1/ &y 8/ &) WU, 1/4&, 1/4) 1

4 M B C| (172, 1,172) (1/4, 1/2, 1/4) 2

5 iA BC| oL 0, 1/2,1/2) 2

] { ABCj 0,0,0 0,0, 0 0

Also the total absolute power ¥ ;..np; is listed in the last column.
For the unanimity voting rule,
V& =pipf forijk=A,B,C, i#j, j#k, k#i.
Hence

s scssewy

B=(Ba, Bg, Bc) = (4 + xBxC, 4 + xAxC, } + xAxB),
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See Table 2 for a list of the Banzhaf indices (both absolute and relative) for the
various possible consteliations of voter profiles.

Table 2

The Banzhaf indices of 3-person bargaining games B, for various possible constellations of voter
profiles, m=1.

# Constellation B B YienBi
1 | ABC | (174, 1/4, 1/9) (1/3, 1/3, 1/3) 0.75

2 |A BC | (174, 1/4, 1/4) (173, 173, 1/3) 0.75

3 | A — BC| (172, 1/4, 1/8) (172, 1/4, 1/4) 1

4 |A B——C| (1/4, 0, 1/9) (172, 0, 172) 0.5

5 |A————BC| (172, 0, 0) (1,0,0) 0.5

6 |———————ABC| (172, 172, 1/72) (1/3, 173, 1/3) 1.5

For the veto power player game V,(A) (player A has the veto power),
wA(€) =p{(1 - p§)+ (1 - pP)pf + PEDE,
vB@=pf(1-pf), and (&) =pi(1-p}).
Hence,

B=(Ba,Bs, Bc) = (3 — xBx", } —xAxC, + — x4xB).

See Table 3 for a list of the Banzhaf indices (both absolute and relative) for the
various possible constellations of voter profiles.

Table 3
The Banzhaf indices of 3-person veto player game Vy(A) for various possible constellations of voter
profiles, m=1

# Constellation B ' B Yienb:
1 | ABC ——| (374, 1/4, 1/4) (375, 1/5, 1/5) 1.2§

2 |A BC ] (374, 174, 1/9) (375, 1/5, 1/%) 1.2§

3 | A —— BC| (172, 1/4, 1/4) (172, 1/4, 1/4) 1

4 |A ——— B ——— C| (374,172, 1/9) (172, 173, 1/6) 1.5

5 |A ————BC| (172, 172, 172) (173, 173, 1/3) 1.5

6 |} —————————— ABC| (172, 0, 0) (1,0, 0) 0.5

By studying the Banzhaf indices for the straight majority game M; and the pure
bargaining game B; in Tables 1 and 2, we can derive some qualitative results. For
m=1 we defined x,‘ = —14 as an (absolute) left extreme position, x;=0 as an
(absolute) moderate position, and x;= 4 as an (absolute) right extreme position on
parameter j. We will define relative left and right extreme position and relative
moderation as follows. We say player i occupies a relative left extreme position on
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parameter j iff x; <x,'-‘ for each ke N-{i}. Similarly, we say player i occupies a
relative right extreme position on parameter j iff x; > x}‘ for each ke N-{i}. Also
we say player i occupies a relative moderate position on parameter j iff he occupies
neither a relativz left extreme position nor a relative right extreme position (on para-
meter j). Thus (referring to Tables 1-3), player A occupies the relative moderate
position in constellations 1 and 6, and the relative left extreme position in constella-
tions 2-S; player B occupies the relative moderate position in constellations 1-6;
player C occupies the relative moderate positicas in constellations 1-3 and 5-6,
and the relative right extreme position in constelia:ion 4.

Observing the Banzhaf indices of the players in Table 1 for the straight majority
voting rule, note that in every constellation player B has the highest Banzhaf index
compared to the other two players. Thus we can conclude that relative moderate
position is advantageous in straight majority games.

Observing the Banzhaf indices of the players in Table 2 for the unanimity voting
rule, note that a relative extremist never has less power than a relative moderate
player. Thus we can conclude that relative extremism is beneficial in pure bargaining
games.

Nex: let m=2 and consider again the case of three players labelled 4, B and C
with profiles x4, x? anu x€ respectively. Using (11) it can be easily shown that for
the straight majority game M,,

B= (B bu: )
=(4 - pxt +x8x5), 4= O xC +x3'%5), = (' xf + x5 xP)).

For the unanimity voting rule B;, it can be easily shown that

B=(B4,8s Bc)
=4+ HOPxf + X85, 4+ 40 0 4 52D, 1+ 40 P + x5 x2)).

For the veto player game V3(A), it can be easily shown that

ﬂ = (ﬂm ﬂBv ﬂC)
=G - 4O7x] +x8xE), 1= 4O xE - 33 xE), 1= 1 xP + x4 xP)).

See Tables 4, S and 6 for a list of the Banzhaf indices for the games M;, By and
V3(A) respectively, for some possible constellations of voter profiles.

Since we have two parameters, we shall define extremism and relative moderation
as follows. We say player i is a re:ative left extremist if x| s x| for each ke N- {i},
x;s x4 for each ke N- {i}, and at least one of the above two inequalities is a strict
inequality. Relative right extremism is defined similarly as follows. We say player i
is a relative right extremist if x{ 2 x{ for each ke N— {i}, xi = x for each ke N- {i},
and at least one of the above two inequalities is a strict inequality. Also, we say
player i is a relative moderate if he is neither a relative left extremist nor a relative
right extremist. Thus referring to Tables 4, 5 and 6, we see that player A is a relative
modesate in constellations 1, 3, § and 9, and is a relative left extremist in constella-
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tions 2, 4, 6—8; player B is a relative moderate in all constellations; player C is a
relative moderate in constellations 1-3, 6-9, and is a relative right extremist in
constellations 4 and 5.

Observing the Banzhaf indices of the players in Table 4, we observe that in every
constellation, player B (who is a relative moderate in all the constellations) has the
highest Banzhaf index compared to the relative extremists in the constellation.
Thus, we reinforce our earlier conclusion that relative moderation is advantageous
in straiglit majority games.

Observing the Banzhaf indices of the players in Table 5, we observe that the
Banzhaf indices for player A in constellations 2, 4, 6—8 (in which he is a relative left
extremist) and the Banzhaf indices of player C in constellations 4 and 5 (in which he

Table 4

The Banzhaf indices of 3-person straight majority games M; for various constellations of
voter profiles, m = 2

# Constellation B8 8 .Sy B
i€N i
1 (1/2, 1/2, 1/2) (1/3, 1/3, 1/3) 1.5
2 A BC (1/2, 1/2, 1/2) (1/3, 1/3, 1/3) 1.5
B
3 @c (1/2, 1/2, 1/2) (1/3, 1/3, 1/3) 1.5
4 @ (1/2, 3/4, 1/2) 277, 3/7, 2/ 1.75
5 A@ (1/2, 1/2, 1/4) /5, 2/5, 1/5) 1.25
6 A \c (1/2, 3/4, 1/2) (277, 3/7, 2/7) 1.73
\C/
7 A\) (1/4, 1/2, 1/2) /s, 2/5, 2/5) 1.25
8 mc (1/4, 3/4, 3/4) /7, 3/7, 3/D 1.75
9 ABC (1/4, 1/4, 1/& (1/3, 1/3, 1/3) 0.75
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is a relative right extremist) are greater than the Banzhaf indices of the relative
moderate players in those constellations, Thus again our earlier conclusion that

relative extremism is beneficial in pure bargaining games is reinforced.

The two conclusions we have stated are certainly no revelations to those playing
these games in real-life political institutions. The validity of these results under-
scores the validity of our model and also illustrates some of the usefulness of our
model in deriving results of this type. A real test of our mode! will be in using it in a
real-life institutional setting and verifying that the power indices which our model
indicates are empirically valid. In a step towards that goal, we indicate a method of
constructing the const-llation of voter profiles if empirical voting data on identi-
fiable issues are available. This is discussed in Appendix A.

Table §

The Banzhaf indices of 3-person pure bargaining games B, for various possible con-

steflat’ons of voter profiles, m=2

¢  Constellation 8 B JIn By

1 (1/4, 1/4, 1/4) (1/3, 1/3,.1/3) 0.75
2 (1/4, 1/4, 1/4) (1/3, 1/3, 1/3) 0.75
3 (1/4, 1/4, 1/4) (1/3, 1/3, 1/3) 0.75
4 (1/4, 1/8, 1/4) 2/5, 1/5, 2/5) 0.625
5 (1/4, 1/4, 3/8) /7, 217, 3/7) 0.875
6 (1/4, 1/8, 1/4) (2/5, 1/5, 2/5) 0.625
7 (3/8, 1/4, 1/4) 377, 2/7, 2/7) 0.875
8 (3/8, 1/8, 1/8) (3/5, 1/5, 1/5) 0.625
9 ABC (3/8, 3/8, 3/8) (1/3, 1/3, 1/3) 1.125
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Table 6

The Banzhaf indices of 3-person veto player games V3(A) for various possibie constel-

lations of voter profiles, m=2

i# Constellation B B8 1§N Bi

1 (3/4, 1/4, 1/4) (3/5, 1/5, 1/5) 1.25

2 @ (3/4, 1/4, 1/4) (3/5, 1/5, 1/5) 1.25

B\

3 A C (3/4, 1/4, 1/4) (3/5, 1/5, 1/5) 1.25

4 A\B/C (3/4, 3/8, 1/4) ~ (6/11,3/11,2/11) 1.375

5 AB C (3/4, 1/4, 1/8) (2/3, 2/9, 1/9) 1.125
VR

6 U (3/4, 3/8, 1/4) (6/11,3/11,2/11) 1.375
/BC

7 A\D (5/8, 1/4, 1/4) (5/9, 2/9, 2/9) 1.125

8 AOa: (5/8, 3/8, 3/8) (5/11,3/11,3/11) 1.375

9 @C (5/8, 1/8, 1/8) (5/7, 1/7, 1/7) 0.875
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Appendix A. Construction of the constellation of voter profiles given the voting
records of the players on identifiable issues, for m =2

The probiem we consider here is the question of constructing the consteilation of
wntar nenfilac stivan tha nlavere? vatinoe recard nan icenoac whaca diractione are rnawn
YVISE PEVIIIVW 5!'&!! LIV PIBYWIT VULILIE IVeViI W Vil IODII"A) WAIVOW VIR WWLIVEEID IV NIV VY ile

We shall assume that we have information regarding the dimensions of the ideologi-
cal space and each issue can thus be represented by a point in the dual space.
Supposc player i's true position isat(r;, 6, in B,z/z (in polar coordinates) Consider

..... Y, L Y S_snAN_* s\ 1 WO OO N_a_
issue wili be given by pg-r,cusw,;cmw)-«r, SIN{o;)s1m{oj + 3. 1I sulliCieni aaia are
availabiz inthe !'nsm of votin pa!!er..s) for this issue direction, this probability can

4 ni =179 O\ _ Ao nnclOV\nnclO\ 1 »cinfO\cinfO\ O\
A= 8/ &y V) = T [CONV;JCUN V) T 731NV JOIIIRU j, U
. v
(in poiar coordinates, in Bi ).
1€ affl shn Snccce Blmntlmenn e acmeealle. o ilee mead covn sl 4l mcraca~a ~f .11 4L .
i an 1€ ISSuU€ aireclion 1€ € ally 1IRClY dilu € WAARCU LIIC aviiagt Ul all LT
x;-{Cartesian) coordinates and the x,-(Cartesian) coordinates of the points represen-
ting\'2 probabllltles Ph, we get
(1/9m I’ (r.onc B \oaclM 4 r.cin(8)cin(Acas(NdA = Lr.cos(H)
B8/ deivy 5\' JOVORV[JOUSR VU J 7 7 [SRR\ V[ ORIV Jyv' IOV Jm U 77 (VS Vi)
2n
£ /%A fo an e DN DN 4 2 i D Neirnd OV einf ONAD — Lo cindO)
3/ &) YU CONU ICONV) 7 DIV SR Y PPNV )R U = 7318V,
0

Fig. 4. Locating the political profile of player i from his voting record.
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Hence, multiplying the average of all the points representing the probabilities p, by
2, we can locate the true position of player i in the ideological space B, (see Fig.
A.l1). ‘
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